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$L(s, A, x, y)= \sum$$0 \leq m_{1},m_{2},\cdots,m_{r}\frac{e(m_{1}y_{1}+\cdots+m_{r}y_{r})}{\prod_{1\leq\nu\leq r}(\sum_{1\leq\mu\leq r}a_{\nu\mu}(x_{\mu}+m_{\mu}))^{s_{\nu}}}=0\sum_{\leq m}\frac{e(my)}{(A(X+m))^{s}}$
$S$ $A,$ $x,$ $y$ $A=(a_{\nu\mu})_{1\leq\nu,\mu\leq r}$
$X=(x_{\nu})_{1\leq\nu\leq r},$ $y=(y_{\mu})_{1\leq\mu\leq r}$ $(0,1)$
$\Re(s_{1}+\cdots+s_{r})>r$ ( $\Re(s_{1}+\cdots+s_{r})>0$ ( )
)




$\ldots,$ $\Re(s_{f})>0$ $r$ $L$
$L (s, Ax, y)=\frac{2^{r}}{\Gamma_{\mathbb{C}}(s_{1})\cdots\Gamma_{\mathbb{C}}(s_{r})}\int_{0}^{\infty}\cdots\int_{0}^{\infty}F(tA, x, y)t^{s}\frac{dt_{1}}{t_{1}}\cdots\frac{dt_{r}}{t_{r}}$
$F(t, x, y)= \prod_{1\leq\nu\leq r}e(it_{\nu}x_{\nu})(1-e(y_{\nu}+it_{\nu}))^{-1}$ $tA=( \sum t$ $a_{\nu\mu})_{1} \leq\mu\leq r^{\backslash }t^{s}=\prod_{1\leq\nu\leq r}t_{\nu}^{s_{\nu}}$
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$A$ $A\in GL_{r}(\mathbb{R})$ $r\geq 2$
$A$ $A$







$\ldots,$ $\Re(s_{r})>0$ $r$ $\chi$ $L$
$L_{\chi}(s, A, x, y)= \frac{2^{r}}{\Gamma_{\mathbb{C}}(s_{1})\cdots\Gamma_{\mathbb{C}}(s_{r})}.-\infty\infty\cdots\int_{-\infty}^{\infty}F(tA, x, y)|t|_{\chi}^{s}\frac{dt_{1}}{t_{1}}\cdots\frac{dt_{r}}{t_{r}}$
$\chi$ : $\{1, \cdots r\}arrow\{O, 1\}$ $2^{r}$
$|t|_{\chi}^{s}= \prod_{1\leq\nu\leq r}sgn(t_{\nu})^{\chi(\nu)}|t_{\nu}|^{s_{\nu}}$
Hecke $L$ ( )
$\chi$
$L$




$\hat{L}_{\chi}(s, A, x, y)=i_{\chi}e(-xy)\hat{L}_{\chi}(1_{r}-s, A^{*}, y, 1_{r}-x)$
$i_{\chi}=i^{\Sigma_{1\leq\nu<r}\chi(\nu)}$ 1 4 $e(-xy)=e(-(X_{1y_{1}}+\cdots+x_{r}y_{r}))$ $A^{*}=(tA)^{-1}$
$1_{r}=(1, \ldots, 1)$
1 $L$ Hurwitz-Lerch $L$
Dirichlet
2
1 $L$ $\Re(s)>1$ Dirichlet




2 $L$ $A$ $L$
( ) Dirichlet
Proposition Dirichlet $x,$ $y\not\in(0,1)$ $k,$ $l\in \mathbb{Z}$
$L_{\chi}(s, A, x+k, y+l)=e(-ky)L_{\chi}(s, A, x, y)$
$L_{\chi}(s, A, x, y)$ $x,$ $y\in \mathbb{R}\backslash \mathbb{Z}$
$\hat{L}_{\chi}(s, A, x, y)=i_{\chi}e(-xy)\hat{L}_{\chi}(1-s, A^{*}, y, 1-x)$
$k,$ $l\in \mathbb{Z}^{r}$
$L_{\chi}(s, A, x+k, y+l)=e(-ky)L_{\chi}(s, A, x, y)$
$L_{\chi}(s, A, x, y)$ $x,$ $y\in(\mathbb{R}\backslash \mathbb{Z})^{r}$ $x,$ $y\in(0,1)^{r}$
$R_{\chi}(s, A, x, y)=e(xy)L_{\chi}(s, A, x, y)$
$k$ , l $\in \mathbb{Z}$
$R_{\chi}(s, A, x+k, y+l)=e(xl)R_{\chi}(s, A, x, y)$
$\hat{R}_{\chi}(s, A, x, y)=i_{\chi}^{\pm 1}\hat{L}_{\chi}(1-s, A^{*}, \pm y, \mp x)$
$\hat{L}_{\chi}(s, A, x, y)=i_{\chi}^{\pm 1}\hat{R}_{\chi}(1-s, A^{*}, \pm y, \mp x)$
$L_{\chi}(s, A, x, y)$ $y$






$\lambda$ : $\mathbb{R}^{n}arrow \mathbb{C}$ $\mathbb{R}^{n}$ $L’\subset L$
1. $x\not\in L$ $\lambda(x)=0$
2. $w\in L’,$ $x\in L$ $\lambda(x+w)=\lambda(x)$
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$L$ $\lambda$ $L’$ $\lambda$ $L$ $\lambda$ $u=(u_{i})_{1\leq i\leq n}\subset L$ $(u_{i})$
Cone $C(u)$ $L$
$F(s, u, \lambda^{\backslash })=\sum_{v\in C(u)}\lambda(v)v_{1}^{-s_{1}}\cdots v_{n}^{-s_{n}}$
5
$\lambda$ $C(u)$ 2
1. $v\in \mathbb{R}^{n}$ $C(u)$ $\lambda(v)=0$
2. $v\in \mathbb{R}^{n},i$ $mu_{i}\in L’$ $m$
$\sum_{k=0}^{m-1}\lambda(v+ku_{i})=0$




$\ldots$ , $v$ $\lambda_{u}(v)=0$ $C(u)$
$\lambda$ $\lambda_{u}[x, y]$
$F(s, C(u), \lambda_{u}[x, y])=L(s, A=(u_{1}, \ldots, u_{n}), x, y)$
$F_{\chi}(s, C(u), \lambda_{u}[x, y]) = L_{\chi}(s, (u_{1}, \ldots, u_{n}), x, y)$
$\hat{F}_{\chi}(s, C(u), \lambda_{u}[x, y]) = \hat{L}_{\chi}(s, (u_{1}, \ldots, u_{n}), x, y)$
$\lambda_{u}[x, y]$ $\lambda$ $F(s, C(u), \lambda),$ $F_{\chi}(s, C(u), \lambda),\hat{F}_{\chi}(s, C(u), \lambda)$
$\circ\circ$ $u$ $\hat{u}$ $L$
$\hat{F}_{\chi}(s, C(u), \lambda[x, y])=i_{\chi}e(-xy)\hat{F}_{\chi}(1-s, C(\hat{u}), \lambda_{\hat{u}}[y, 1-x])$
$\lambda$
$\lambda$ $L$ $\hat{L}$ $L$
6














$\hat{F}_{\chi}(s, C(u), \lambda) = i_{\chi}|\det(u)|\hat{F}_{\chi}(1-s, C(\hat{u}),\hat{\lambda})$







$\chi_{\infty}$ $f$ $\chi$ $I_{K}$ $K$ $P_{K}$ $K$
$O_{K}$ $K$ $N$ $K/\mathbb{Q}$
$x\in K^{\cross}$ $N(x)>0$ Hecke
$L$
$L_{K}(s, \chi)=\sum_{a}\chi(a)N(a)^{-s}$
$a$ $K$ $0$ Hecke $L$
$L_{K}(s, \chi)=\sum_{b\in I_{K}/P_{K}}\sum_{a’}x(a’)N(a’)^{-s}$
$b$ $a’$ $b$
$a’$ $a’=(x)b$ $(x)$ $x$
$(x)b$
$L_{K}(s, \chi) = \sum_{b\in I_{K}/P_{K}}\sum_{x\in b^{-1}/O_{K}^{x}}\chi(xb)N(xb)^{-s}$
$= \frac{1}{\#(O_{K}^{x}/O_{K+}^{\cross})}\sum\chi(b)N(b)^{-s}\sum_{x\in b/0_{K+}^{x}}x(x)N(x)^{-s}b\in I_{K}/P_{K}-1$
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$O_{K}^{\cross}$ $O_{K}$ OK$\cross+$ $O_{K}$
$L_{K}(s, b, \chi)=x(b)N(b)^{-s}\sum_{x\in b^{-1}/O_{K+}^{\cross}}x(x)N(x)^{-s}$
$L_{K}(s, \chi)$
$L_{K}(s, \chi)=\frac{1}{\#(O_{K}^{\cross}/O_{K+}^{\cross})}\sum_{b\in I_{K}/P_{K}} \sum_{-,x1}L_{K}(s, b, \chi)$
$L_{K}(s, b, \chi)$ $L_{K}(s, \chi)$ $L_{K}(s, b, \chi)$
$\sigma=(\sigma_{1}, \sigma_{2})$ : $Karrow \mathbb{R}^{2}$ $b$
$x[b]$ $b$
$\chi[b](v)=\{\begin{array}{ll}\chi(v) v\in b0 v\not\in b\end{array}$
$C(u)$ $\lambda=\chi_{f}[b^{-1}]$ $\lambda$
$O_{K}$ $p,q$ $Np=P,Nq=Q$ $P,$ $Q$
$p,$ $q$ $O_{k}$
$L_{K,p,q}(s, b, \chi) = L_{K}(s, b, \chi)(1-\chi(p)P^{-s})(1-\chi(q)Q^{1-s})$
$= x(b)N(b)^{-s} \sum_{x\in b^{-1}/O_{K+}^{\cross}}h_{p,q}(x)\chi(x)N(x)^{-s}$
$h_{p,q}(x)$
$h_{p,q}(x)=\{\begin{array}{ll}0 p|x(1-Q) (p\nmid x)\wedge(q|x)1 (p\nmid x)\wedge(q\nmid x)\end{array}$
$O_{K+}^{\cross}$ $\epsilon$ $w$ $p$ $b$ $u=(\sigma(w), \sigma(w\epsilon))$ $\lambda(x)=h_{P,Q}(x)\chi_{f}[b^{-1}](x)$
$\lambda$ $C(u)$ $F_{x\infty}((s_{1}, s_{2}), C(u), \lambda)$ $L_{K}(s, b, \chi)$
$(\mathbb{R}^{\cross})^{n}$
$g$
$L_{K,p,q,g}(s, b, \chi)=\chi(b)N(b)^{-s}\sum_{x\in(b^{-1}\cup g)/O_{K+}^{\cross}}h_{p,q}(x)\chi_{f}(x)N(x)^{-s}$
$(g_{1}, \ldots, g_{n})\in g,$ $g_{i}\in\{1, -1\}$ $v=(v_{i})_{i}\in \mathbb{R}^{n}$
$v_{g}=(g_{i}v_{i})_{i}$
$C(u)_{g} = \{v_{g}:v\in C(u)\}$
$\lambda_{g}(v) = \lambda(v_{g})$
$F_{x\infty}((s_{1}, s_{2}), C(u), \lambda)$
$= \sum_{g}\chi_{\infty}(g)F((s_{1}, s_{2}), C(u)_{g}, \lambda_{g})$
$L_{K,p,q}(s, b, \chi)$
$= \sum\chi_{\infty}(g)L_{K,p,q,g}(s, b, \chi)$
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$F((s_{1} , s_{2}), C(u)_{g}, \lambda_{g})$ $L_{K,p,q,g}(s, b, \chi)$
$L$ Hecke $L$
4
$F((s, s), C(u)_{g}, \lambda_{g})=\chi(b)^{-1}N(b)^{s}L_{K,p,q,g}(s, b, \chi)$
$C(v)$ $(b^{-1}\cap g)/O_{K+}^{\cross}$ $\lambda$ $C(v)$




$= F((s, s), C(v)_{g}, \lambda_{g})$
$F((s, s), C(u)_{g}, \lambda_{g})=F((s, s), C(v)_{g}, \lambda_{g})$ $u=(w, w\epsilon),$ $v=(y, y\epsilon)$ $u$
$v$ $C(u)\epsilon,$ $y\epsilon)$ $C(w, y)$
$F((s_{1}, s_{2}), C(v)_{g}, \lambda_{g})-F((s_{1}, s_{2}), C(u)_{g}, \lambda_{g})$
$= \pm(F((s_{1}, s_{2}), C(w\epsilon, y\epsilon)_{g}, \lambda_{g})-F((s_{1}, s_{2}), C(w, y)_{g}, \lambda_{g}))$
$= \pm(\epsilon_{1}^{s_{1}}\epsilon_{2}^{s_{2}}-1)F((s_{1}, s_{2}), C(w, y)_{g},\lambda_{g})$
$s_{1}=s_{2}$ $(\epsilon_{1}^{s_{1}}\epsilon_{2}^{s_{2}}-1)=0$ $F((s, s), C(u)_{g}, \lambda_{g})=F((s, s), C(v)_{g}, \lambda_{g})$ 1
Hecke $L$ $L$
$\chi(b)N(b)^{-s}F_{x\infty}((s, s), C(u), \lambda) = L_{K,p,q}(s, b, \chi)$
$= (1-\chi(p)P^{-s})(1-\chi(q)Q^{1-s})L_{K}(s, b, \chi)$
$\lambda(x)=h_{P,Q}(x)\chi[b^{-1}](x)$ $K$ $D$ $d=\sqrt{D}$
$(d)$ $K/\mathbb{Q}$ $a$ $\det(a)$ $dN(a),\hat{a}=(da)^{-1}$




















$\cross F_{x\infty}((1-s, 1-s), C(\hat{u}), R\chi^{-1}[(b’)^{-1}])$
$\chi^{-1}(b’)N(b’)^{s-1}F_{x\infty}((1-s, 1-s), C(\^{u}), R\grave{\chi}^{-1}[(b’)^{-1}])$
$= (1-\chi(p)P^{-s})(1-\chi(q)Q^{1-s})L_{K}(1-s, b’, \chi^{-1})$
$G(\chi)d^{-1}N(f^{-1}b)(1-\chi(p)P^{-s})(1-\chi(q)Q^{1-s})L_{K}(1-s, b’, \chi^{-1})$
$= \chi^{-1}(b’)N(b’)^{s-1}F_{\chi_{\infty}}((1-s, 1-s), C(\hat{u}),\hat{\lambda})$
$\Gamma_{x\infty}(s)F_{\chi_{\infty}}(s, C(u), \lambda)=i_{\chi_{\infty}}\Gamma_{x\infty}(1-s)F_{\chi_{\infty}}(1-s, C(\hat{u}),\hat{\lambda})$
$\Gamma_{x\infty}(s)F_{x\infty}(s, C(u), \lambda)$






$= i_{x\infty}\Gamma_{x\infty}(1-s)\chi(b’)N(b’)^{1-s}d^{-1}N(f^{-1}b)G(\chi)L_{K}(1-s, b’, \chi^{-1})$
$\Gamma_{x\infty}(s)\chi^{-1}(bb’)L_{K}(s, b, \chi)$
$= i_{x\infty}\Gamma_{x\infty} (1-s)d^{-1}N(b)^{-s}N(b’)^{1-s}N(f^{-1}b)G(\chi)L_{K}(1-s, b’, \chi^{-1})$
$= i_{x\infty}\Gamma_{x\infty}(1-s)d^{-1}N(bb’)^{1-s}N(f^{-1})G(\chi)L_{K}(1-s, b’, \chi^{-1})$
$= i_{x\infty}\Gamma_{x\infty}(1-s)d^{1-2s}N(f)^{-s}G(\chi)L_{K}(1-s, b’, \chi^{-1})$
$\Gamma_{x\infty}(s)\chi^{-1}(bb’)d^{s}N(f)^{s/2}L_{K}(s, b, \chi)$
$= i_{x\infty} \Gamma_{x\infty}(1-s)d^{1-s}N(f)^{(1-s)/2}\frac{G(\chi)}{N(f)^{1/2}}L_{K}(1-s, b’, \chi^{-1})$
$\hat{L}_{K}(s, b, \chi)=d^{s}N(f)^{s/2}\Gamma_{x\infty}(s)L_{\chi}(s, b, \chi)$
5
$\chi^{-1}(df)\hat{L}_{K}(s, b, \chi)=i_{x\infty}\frac{G(\chi)}{N(f)^{1/2}}\hat{L}_{K}(1-s, b’, \chi^{-1})$
$W(\chi)=i_{x\infty}\chi(df)G(\chi)N(f)^{-1/2}$
$\hat{L}_{K}(s, b, \chi)=W(\chi)\hat{L}_{K}(1-s, b’, \chi^{-1})$
$W(\chi)$ 1 $b$
$\hat{L}_{K}(s, \chi)=W(\chi)\hat{L}_{K}(1-s, \chi^{-1})$
[1] Hida, Haruzo (1993), Elementary theory of $L$-functions and Eisenstein series, London Mathematical
Society Student Texts, 26, Cambridge University Press
[2] Shintani, Takuro (1976), “ On evaluation of zeta functions of totally real algebraic number fields at
non-positive integers”, Journal of the Faculty of Science. University of Tokyo. Section $IA$ . Mathe-
matics 23 (2)
[3] Matsumoto, Kohji (2004), Functional equations for double zeta-functions, Math. Proc. Cambridge
Phil. Soc. 136, 1-7.
152
